Complex

analysis 2

Learning outcomes

When you have completed this Programme you will be able to:

Appreciate when the derivative of a function of a complex variable
exists

Understand the notions of regular functions and singularities and
be able to obtain the derivative of a regular function from first
principles

Derive the Cauchy-Riemann equations and apply them to find the
derivative of a regular function

Understand the notion of an harmonic function and derive a
conjugate function

o Evaluate line and contour integrals in the complex plane
e Derive and apply Cauchy’s theorem
e Apply Cauchy’s theorem to contours around regions that contain

singularities
Define the essential characteristics of and conditions for a
conformal mapping

e Locate critical points of a function of a complex variable
e Determine the image in the w-plane of a figure in the z-plane under

a conformal transformation w = f(z)
Describe and apply the Schwarz-Christoffel transformation
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Programme 21

In the previous Programme we introduced the ideas of mapping from
one complex plane to another and considered some of the more
common transformation functions. Now we pursue our consideration
of the complex variable a little further.

Differentiation of a complex
function

In differentiation of a function of a single real variable, y = f(x), the
derivative of y with respect to x can be defined as the limiting value of
+oy) -y

ox

as éx tends to zero.

y=f(x
y=rx by=Ffx+6x)—f(x)

. ody . [fx+8x)—f(x)
ie. P g;z_i?; {——-————6x }

@]
><r—

X+8x X

In considering the differentiation of a function of a complex variable,
w = f(z), the derivative of w with respect to z can similarly be defined
as the limiting valueof ............ as 6z tends to zero.

(w+6w) —w Le f(z+é6z) —f(z)
6z e 6z

Now, of course, we are dealing in vectors.

z-plane

If P and Q in the z-plane map onto P’ and Q' in the w-plane, then
PQ’ = éw = (wp + 6w) — wo = (20 + 62) — f(20)

Therefore, the derivative of w at P’ (z = z) is the limiting value of i_vzv as

aw] . (flzo+62) —fzo)\ . (PQ
ot [ = pm e T - m ()

If this limiting value exists — which is not always the case as we shall
see — the function f(z) is said to be differentiable at P.
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Also, if w = f(z) and f’(z) has a limit for all points zy within a given
region for which w=f(z) is defined, then f(z) is said to be
differentiable in that region. From this, it follows that the limit exists
whatever the path of approach from Q (z = zp + 6z) to P (z = zp).

Regular function

A function w = f(z) is said to be regular (or analytic) at a point z = z, if
it is defined and single-valued, and has a derivative at every point at
and around zp. Points in a region where f(z) ceases to be regular are
called singular points, or singularities.

A function of a complex variable that is analytic over the entire
finite complex plane is called an entire function. Examples of entire
functions are polynomials, ¢, sinz and cos z.

We have introduced quite a few new definitions, so let us pause here
while you make a note of them. We shall be meeting the various terms
quite often.

In those cases where a derivative exists, the usual rules of differentia-
tion apply. For example, the derivative of w = z2 can be found from
first principles in the normal way.

w=22 . w+bw=(z+62)°=2"+ 2262+ 67%
o 6w =226z + 628 .. i—v:=2z+6z

. C}EW = Lim (2z + 6z) = 2z and does not depend on the path along

6z—0
which ¢z tends to zero.
That was elementary. Here is a rather different one.

Example

To find the derivative of w =zZ where z=x+jy and z = x — jy.
Wehave w=2zZ .. w+éw=(z+6z)(Z+ 6z) from which

ow

S
w  _ 0z
E—Z+Z6—Z+(§2

Because
W+ 6w = (24 6z)(Z+ 6Z) = 2Z + 262 + 26Z + 6762

. 6w =2Zbz+26Z+ 626z .. 5_w:2+zg+5z
oz bz

. , - . ow
Now since z =x +jy and Z = x — jy, we can express 57 0 terms of x

P )
and y. W
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bx — joy
ox +joy

ow . . .,
§=(X—]}’)+(X+l}’){ }+6x—16y

Because

z=x+jy .. 6z=5x+i6y} . 6z dx—jby

Z=x—jy .. 6z=~6éx—jby © 6z 6x+jéy

ow oz
Then —=Zz+ z—i + 6z gives the expression quoted above.

bz 6
4 Q (zo+62)
74 5
P Y The next step is to reduce éz
(z0) 8x to zero. But 6z consists of
o 6x +jéy and so reducing 6z
x to zero can be done in one of
two ways.
y (1) First let §y — 0 and after-
Q wards let 6x — 0.
P A ¥
8x
0 X
ow , N
If 5y — 0, E_x—]y+(x+]y)a+67

Then dw _ Lim {x — jy + x +jy + 6x}
dz 6x—0
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%V=2x

On the other hand, we could have reduced 4z to zero in the second

way.
y (2) First let 6x — 0 and afterwards let
ox
Q 5)/ — 0.
dy [ ;
[

o X

w_ . ox —joy i
We have o =X /y+(X+I}’){6x+j6y}+5X joy
If 6x — 0 ‘;—VZV =x—jy+ X +jy)(-1) —jéy = —j2y — jéy
Then W _ Lim {~2) - joy} = —j2y

dz 50

So, in the first case, % = 2x and in the second case % = —j2y.

These two results are clearly not the same for all values of x and y —
with one exception, i.e.

whenx=y=0

Therefore w = zZ is a function that has no specific derivative, except at
z = 0 -and there are others. It would be convenient, therefore, to have
some form of test to see whether a particular function w = f(z) has a
derivative f'(z) at z = zo. This useful tool is provided by the Cauchy-
Riemann equations.

Cauchy-Riemann equations

The development is very much along the same lines as in the previous
example. If w=f(z) =u+jv, we have to establish conditions for
w = f(z) to have a derivative at a given point z = z.

w=u+jv .. 6w=du+jov; Z=x+4jy .. éz=¥8x+jby

_d_w_ . 6u+]'6v _ Lim (514+]6V
Then f,(z)_dz_ngTg{ 5z }‘g;:g 8% + joy @)

(@ Let éx — 0, followed by §y — 0
Then from (1) above, f'(z) = %V =
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dw _ov _.ou
-y
Because
. [bu+jév . [év éu ov .ou
’z=L1m{ - } Lim { }————— 2)
A W R R (
We use the ‘partial’ notation since u and v are functions of both x
and y.
Or (b) Let §y — 0O, followed by éx — O.
This gives ............
d_VV = % + 'Q
az ox o
Because
VN 7 ou+jov , ou v _Qu_ Qv_
fz) _,51,21_’?){ bx I}_,o 6x+’ “ox Hox (3)

If the results (2) and (3) are to have the same value for f(z) irrespective
of the path chosen for 6z to tend to zero, then

ou .0v Ov .8u

x Ty oy
Equating real and imaginary parts, this gives
ou Ov ov ou
and —=

ox oy ax oy

These are the Cauchy-Riemann equations.
So, to sum up:

A necessary condition for w = f(z) = u+ jv to be regular at z = z; is
that u, v and their partial derivatives are continuous and that in the

neighbourhood of z = z,
.8_u — .8_v and Q = _@
ox 8y ox oy

Make a note of this important result — then move on to the next frame
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We said earlier that where a function fails to be regular, a singular point,
or singularity occurs, for example where w = f(z) is not continuous or
where the Cauchy-Riemann test fails.

Exercise

Determine where each of the following functions fails to be regular,
i.e. where singularities occur.

1 w=72-4 4 w= (z_—i)lﬁ——T)
2 w= p j 2 S w=zz
R
Finish all six: then check with the next frame
Conclusions:

1 DPutting z = x +jy, the Cauchy-Riemann conditions are satisfied
everywhere. Therefore, no singularity in w = 72 — 4,

@ W N

The function becomes discontinuous at z = 2. Singularity at z = 2.
The function is discontinuous at z = —1. Singularity at z = —1.
Singularities at z=2 and z = 3.

We have already seen that w = zZ has no derivative for all values

of z apart from z = 0. All points on w = zZ are singularities.

=)

Singularity occurs where x> + 32 =0, i.e.x=0andy =0 .. z=0.

At all other points the Cauchy-Riemann equations do not hold.

Harmonic functions

If a function of two real variables f(x, y) satisfies Laplace’s equation

Frey) , Py _

ox?

then we say that f(x, y) is an harmonic function. It is relatively
straightforward to demonstrate that the real and imaginary parts of an
analytic function are both harmonic.
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Let f(z) = u(x, y) + jv(x, y) be an analytic function in some region of
the z-plane. Because f(z) is analytic the Cauchy-Riemann equations
hold true. That is

ou_ O ng H_ W

ox Oy oy o
Differentiating the first with respect to x and the second with respect
to y shows us that

o*u  d%v o%u o%*v o*v *u
—=-——and S=—-F—F—=—-—"—=—-—
0x2  Oxdy ay? dyodx Ox8y ox2
o%u 0%u
and so éx—z + W =0
By a similar reasoning
Fo P o
Py v
o2 " ay?

Because

v u v Pu  du v

—_—_— and —_—— = — = — —

ox2  Oxdy 0y  Oyox Oxdy ox2
v 8%
—_ + —_—
0xz ~ 8y?
The functions u(x, y) and v(x, y) are called conjugate functions. In
addition, the curves u = constant, v = constant are orthogonal.

and so 0

Example 1

Show that the real and imaginary parts of the function defined by
f(z) = z* are harmonic.

f(2)=2
= (x+jy)°
= (2 —y%) + 2jxy
and so u = x> — y? and v = 2xy and therefore

Pu__ u_ Py o
I Py By
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u  u o*v o%v
W+W:O and W-ﬂ-a—})z:O
Because
%:Zx o) %:2 and %:—Zy SO %:—2
therefore g—ig—kgiygzo
and
%:2}/ so gix‘z’zo and g-;:z;: S0 2_;1_2/:0
therefore %+%:O
Example 2

Show that u(x, y) = x>y — y*x is an harmonic function and find the
function v(x, y) that ensures that f(z) = u(x,u) +jv(x, y) is analytic.
That is, find the function v(x, y) that is conjugate to u(x, y).

ou  u _
gz
@_'_@—0
Because
o _ 2 3 u_ ou 3 ., u
8x-3xy Yy’ so axz_6xy and W_x 3y°x so Er A 6xy
8%u  H%u
therefore 5}?4-6—}/2_ 0

This means that u(x, y) = x3y — y3x is harmonic.

Now, if f(z) =u(x,u)+jv(x, y) is analytic then u(x, y) and v(x, y)
satisfy the ............ equations.
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Cauchy-Riemann

That is

ou ., 3_Q
and

ou 3 _ov
5_)( —-3y’x= o

3 1
v(x, y) = 5"2}’2 - Z}’4 +a(x)

Because
% = 3x%y — y® and so x is treated as a constant and the integral of "
is y™1/(n+1).

Did you miss the constant term in the form of a(x)? Because x is treated
as a constant, the integration determines y up to an expression involving x.
Differentiate the result with respect to y and you will reclaim the

original form for Q

9y
Now, differentiating this expression with respect to x gives
v _
B
ov ,
Pl 3xy% +d'(x)

Because
v(x _3 2}/2—1‘1 d 6v_3 244 d this i
,y)—zx e +a(x) and so iz +d'(x) an is is

equal to _ Now -y + 3y?x and so

% %

adx)=............ giving a(x)=............
Therefore v(x, y)=........ e
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d'(x) = —x3 givi __x
= giving a(x) = +C.

Therefore v(x, y) = 3

Because
. ov , ou 3
Comparing -~ = 3xy? + d(x) and = +3y%x

where @ =— @

ox ay
x4 . 3x
Therefore a(x) = s C giving v(x, y) =

then it is seen that a’(x) = —x3.

Try one for yourself.

Example 3
Given u(x, y) = e*cosy, show that u(x, y) is an harmonic function
and find the function v(x, y) that ensures that f(z) = u(x, ) +jv(x, ¥)
is analytic. That is, find the function v(x, y) that is conjugate to u(x, y).
o%... ..
W + W R

Fu ou_
ox2 ayz_

Because
2

u=e*cosy so % = —e*cosy and % = e *cosy.
2u

ou s _ &%u
Also 3 —e*siny so i —e*cosy. Therefore 2T

%u
T

that is u(x, y) is harmonic. The conjugate function v(x, y) is then
VX, Y) =it

2

v=—e"*siny+C

Because
) . Ou ov s .
By the Cauchy-Riemann equation i 37 = —e~* cosy. Integrating

with respect to y gives v = —e*siny + a(x). Differentiating this with

respect to x gives — = e *siny + a'(x).

ax
. . ov ou .
Now, by the other Cauchy-Riemann equation i a3 =e*siny,

so that a'(x) = 0 giving a(x) = C. Therefore, v = —e *siny + C.

Now we shall look at complex integration. Move to the next frame
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Complex integration

At the beginning of this Programme, we defined differentiation with
respect to z in the case of a complex function, since z is a function of
two independent variables x and y, i.e. z = x + jy. Complex integration
is approached in the same way.

z=x+jy and w=f(z)=u+jv whereu and v are also functions of
x and y.

Also dz=dx+jdy and dw=du+jdv
3 dez:Jf(z)dz=[(u+jv)(dx+jdy)
=J{(udx—vdy)+i(vdx+udy)}

3 Jf(z)dz= J(udx —vdy) +iJ(vdx+udy)
That is, the integral reduces to two real-variable integrals
J(udx —vdy) and J(vdx+udy)
Note that each of these two integrals is of the general form

J(de + Qdy) which we met before during our work on line integrals

and, in the complex plane, this rather neatly leads us into contour
integration.
Let us make a fresh start

Contour integration - line integrals in the z-plane

If z moves along the curve c in the
z-plane and at each position z has
associated with it a function of z, i.e. P
f(z), then summing up f(z) for all @
such points between A and B means

that we are evaluating a line integral

in the z-plane between A (z=z;) o
and B (z=2z;) along the curve c, X

y z-plane

i.e. we are evaluating J f(z) dz where c is the particular path joining

A to B. ¢
The evaluation of line integrals in the complex plane is known as
contour integration. Let us see how it works in practice.
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Example
Evaluate the integral J f(z)dz where f(z) = (z—j)* and c is the
C

straight line joining A (z=0) to B (z=1 +j2).

)l _sa+
j i z=x+jy; dz=dx+jdy
|
o x
f@)=@E-j)?={x+jy -0 =2-@-1>+j2x(y - 1)

I= j{(xz — P +2p— 1) +j(2xy — 2x)}{dx +j dy}
J{(x2 —y*+2y —1)dx — (2xy — 2x) dy}

+jJ{(2xy—Zx)dx+(x2—yz+2y—1)dy}

Now the equation of AB is y = 2x. .. dy = 2dx and substituting these
in the expression for I, between the limits x =0 and x = 1, gives
i Finish it.

Because

I= Jl{(x2 — 4 4 4x— 1) dx — (4% — 20)2dx}
0
+;'E{(4x2 — 2x) dx + (2x* — 8x* + 8x — 2) dx}

1 1
=J (—11x2+8x—1)dx+jJ (—2x% 4+ 6x — 2) dx
0 0

and this, by elementary integration, gives I =31 (-2 +j).
Now you will remember that, in general, the value of a line integral
depends on the path of integration between the end points, but that

the line integral J(de + Q dy) is independent of the path of integration
oQ

in a simply connected region if —Zy—P = throughout the region.

In our example
I= J{(x2 — Y2 +2y—1)dx — (2xy — 2x) dy}
+iJ{(2xy—2x)dx+ =y +27-1)dp} =L +jb

If we apply the test to I;, weget ............
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P _oQ
oy ox
Because
for I =J{(x2—y2+2y—1)dx—(2xy—2x)dx}sj(de+Qdy)
oP
L P=xX—yP 421 . —=-2y+2
Y +2y 3 =Y ®_ 50
dy  ox
Q=-2xy+2x . %}=—2y+2
Similarly
for IZ=J{(2xy—2x)dx+(x2—yz+2y—l)dy}EJ(de+Qdy)
opP
C.P=2xy—2x Lo—=2x
’ o . oP_oQ
aQ_ ) 6}/ ox

Q=x*—y*+2y—1.. o =2

Therefore, in this example, the value of the line integral is
independent of the path of integration.

Just to satisfy our conscience, determine the value of the line
integral between the same two end points, but along the parabola
y=2x%

f(2) = (z—j)?

y=2x* y=2x> . dy=4xdx

As before we have
I= J{(x2 -2 42y —1)dx — (2xy — 2x)dy}
+jJ(2xy —2x)dx + (x* — yz +2y—1)dy}

Substituting y = 2x? and dy = 4xdx, the evaluation gives
I=............
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1 .
I'=3(=2+j)

We have

I= r{(xz —4xt 4 4x% — 1) dx — (43 — 2x)4xdx}
0

1
+iJ {(4x® — 2x) dx + (¥* — 4x* + 4x% — 1)4xdx}
0
1 1
= J (—20x* +13x% — 1) dx + jJ (—16x° 4 24x3 — 6x) dx
0 0

The rest is easy enough, giving I =31(—2+j) which is, of course, the

same result as before. Note that all results in Frames 25-28 can be
obtained very easily by integrating the function of z with respect to z.

For example, the integral J f(z) dz where f(z) = (z —j)* and c is the
C

straight line joining A (z=0) to B (z = 1 +j2) can be evaluated as
1+j2

| f@az=] " @-iras
1+2

_ (Z—i)3]
3
0

Now on to the next frame

Cauchy's theorem

We have already seen that if w = f(z) where, as usual, w = u +jv and
z=x+jy, then dz = dx +jdy and

| r@az = [+ max+san
= J(udx —vdy) +jJ(vdx +udy)
If c is a closed curve as the path of integration, then

fl;cf(z) dz= ﬁ(udx — udy) +i£(vdx +udy)
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Applying Green’s theorem to each of the two integrals on the right-
hand side in turn, we have

o v [ (- )

where S is the region enclosed by the curve c.

Also, if f(z) is regular at every point within and on c, then the
Cauchy-Riemann equations give

ou ov v bu

37——5 andtherefore—a—a_o

*(udx—vdy):O (1)
C

(b) Similarly, with the second integral, we have

jg(vdx+udy) =0

Because

i(vdx—kudy) - ”s (%_%> dxdy

Again, if f(z) is regular at every point within and on ¢, then the
Cauchy-Riemann equations give

éu v ou ov

5)2—"6_;/ and therefore a—x—-a—y— 0

}(vdx+udy)=o @)
C

Combining the two results (1) and (2) we have the following result.
If f(z) is regular at every point within and on a closed curve c, then
§ Fayaz—o
[

This is Cauchy’s theorem. Make a note of the result;
then we can see an example
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Example 1

Verify Cauchy’s theorem by evaluating the integral f f(z) dz where
C

f(z) = 2% around the square formed by joining the points z=1, z = 2,
z=2+j,z=1+j.

4
B I N Z=x+jy

, 22 =x%—y? 4j2xy
o Al s ) dz=dx+jdy

1 2 3 X

E';cf(z)dz =£2de= i{x2 —y? +j2xy}{dx +jdy}

—§ {00 - P ax- 2y )+ 2y dx+ (2 - ) )
C C
We now take each of the sides in turn.

(@ AB: y=0 .. dy=0

R R

(b)BC: x=2 .. dx=0
1 1
f@az= aydy)+j| @-pay
- [2r] -5,

. 1 .11
_—z+;<4—§) _—2+]?

Continuing in the same way, the results for the remaining two
sides are

4 0 .2
CD: —3-j3 DA:1-j3

Because
(©CD: y=1 .. dy=0

s LDf(z)dz - E(x2 - 1)dx+i£ 2xdx
1

x3 1
Sl
2 2

I
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@DA: x=1 .. dx=0

0

L r@az= | (-2vay) +if(1 ~y))dy
Pk

So, collecting the four results, * flzydz=............
c

§ r@az=o
Because
if(z)dz=§+ (-z+i13—1) + (—%—i?») + <1 —i%) =0
Example 2

A region in the z-plane has a boundary c consisting of
(a) OA joiningz=0toz=2

(b) AB a quadrant of the circle |z|=2 from z=2 to z =2
(c) BO joining z=j2toz=0.

Verify Cauchy’s theorem by evaluating the integral J (22 +1)dz
(o

(1) along the arc from A to B
(2) along BO and OA.

y
B
2 f@)=2+1=@x+jy)*+1
=@ -y +1)+j2xy
A z=x+jy .. dz=dx+jdy
o, ~

So the general expression for I f@dz=............
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j{(xz — P+ 1) +/ 22} {dx +dy)

=j{(x2 —y? +1)dx — 2xpdy} +iJ{2xydx+ -2 +1)dy}

(1) Arc AB: x2+py2=4 . y2=4-x> . y=V4-x2
_ 1 o172, . __ X
dy—z(4 X)) (=2x)dx . o dy= T
f(2)dz
AB
=|3(x*-4+x*+1 dx—2xx/4—x2(ﬂ)dx}
J:{( ) \/4_x2
+jJ0{Zx\/4—x2dx+(xz—4+x2+1)(u>dx}
2 V4 —x2
011x — 4x3 14
=| (4x*-3 dx+'J ———dx= - +jI
[ -pani [ 1= 3+l
0 _ 4y3
Now we must attend to I =J M
2 V4 —x2
Substituting x = 2sin # and dx = 2 cos 6d@ with appropriate limits we
have
2
Il_—§
Because
s _ : .3
11=JO (2251n0 32sin 0)2c050d0
/2 2cos@
0/2
= r (32sin® 0 — 22sin ) d6
0
2 "2 64 2
=32—++ [ZZcoso] =—-22=—=
3)(1) o 3 3

o | f@dz=-a5-j3=-30+)

(2) Along BO and OA. Complete this section on your own in the same
way.

Lo f(z)dz=............ ; IOA F@dz= ..o
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2 2
Lof(z)dz=]§, LAf(z)dz — 43

Because we have

BO: x=0 .. dx=0

. Lof(z)dz=ij:(1—f)dy=i[y—§]2=i§

OA: y=0 .. dy=0
2

e Lo van [ -2

Collecting the results together, therefore

| reyaz=-3-i

.2 2 14 .2
Lo+0Af(Z)dZ=]§+4§=?+]§
jgc flz)dz= JAB flz)dz+ Lo+0A fz)dz=0

which, once again, verifies Cauchy’s theorem.
Just by way of revision, Cauchy’s theorem actually states that

If f(z) is regular at every point within and on

a closed curve ¢, then § f(z)dz=0
C

In our examples so far, f(z) has been regular and no problems have
arisen. Let us now consider a case where one or more singularities
occur within the region enclosed by the curve c.

Deformation of contours at singularities

If c is the boundary curve (or contour) of a region

and f(z) is regular for all points within and on

the contour, then the evaluation of § f(z)dz
(o

¢ around the contour is straightforward.

1
However, if f(z) = P where a is a complex constant, and point A

corresponds to z=a, then at A, f(z) ceases to be regular and a
singularity occurs at that point.



Complex analysis 2 881

We can isolate A in a very small region within a
contour ¢; and then f(z) will be regular at all
points within the region ¢ and outside c;. But the
original region is now no longer simply con-

¢ nected (it now has a ‘hole’ in it) and this was one
of our initial conditions.

However, all is not lost! We select a suitable
point B on the contour c and join it to the inner
contour c;. If we now consider the integration

J f(z) dz starting from a point K and proceeding

anticlockwise, the path of integration can be
takenas KBLMNBDEK.

Therefore

jf(l)dZ =I=Kkp+Igr +hmn+Ing+I8DEK =+ o covvvnenn

0

The function f(z) is now regular at all points within and on the
deformed contour. Remember that the inner contour ¢; can be made
as small as we wish.

Note that Ing = —Iy1, being in opposite direc-
tions, and these therefore cancel out.

The previous result then becomes

Iks + I + Iopsc =0 ie. Igs + Tapex + fvn = O
But Is + Ispex = jli f(z)dz and I =(j;q f(2)dz
i f(z)dz +<JEC flzydz=0
£ f(z)dz— il fz)dz=0
e o fr@e={ rea
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The process can, of course, be extended to cases with more than one
such singularity.

A,
O ) ©
c ) ¢ ®c ¢

The corresponding result then becomes
f; f(z)dz =3§ f(z)dz+j£ f(2)dz. .. etc.
c G <2
Now let us apply these ideas to an example.

Example 1
Consider the integral fﬁf (z) dz where f(2) =%, evaluated round a
C

closed contour in the z-plane.

y
We first check the function f(z) = % for

singularities and find at once that

Atz=0, f(2) =% ceases to be regular
and a singularity occurs at that point

The actual position of the closed contour is not specified in the
problem, so there are two possibilities: either the contour does enclose
the origin, or it does not.

Let us consider them in turn.

(a) The contour does not enclose the origin.

Y No difficulty arises here and

by Cauchy'’s theorem

C
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if(z) dz=0

(b) If the contour does enclose the
origin, the singularity must be

taken into account. Then C
%f(z)dz—-—% f(z)dz:f[; %dz .
c c1 C1 f’\
NS

and we attend to evaluating

1 . .
—dz where ¢; is a small circle
<1

of radius r entirely within the
region bounded by c.

If we take an enlarged view of the
small circle ¢;, we have z = x +jy which
can be expressed in polar form
............ and in exponential form

z=r (cosf+jsin 6)

z=rel®

Using z=re/ then dz=jre’dd and ff %dz =
o
Complete it

j2m

Because

1 2 7r. .
3@ dz:j ,,,{;refﬂ}da j]d0=]27r

ff dz_jli laz—jor

So we have:

@ f{) ;dz =0  if the contour c does not enclose the origin
C

(b) jﬁ %dz =j2n if the contour ¢ does enclose the origin.
C

These two constitute an important result, so note them well
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Example 2
Consider the integral f’; f(z) dz where f(z) =zi" n=23,4,...).
C

Again, a singularity clearly occurs at z = 0 and again also we have two
possible cases.

(a) If the contour ¢ does not enclose the origin, then by Cauchy’s
theorem fi; f(z)ydz=0.
c

(b) If the contour ¢ does enclose the origin, then we proceed very
much as before.

Using z=re’, dz=jre’’dd and z" = r"e/ y
Then fff(z) dz=3§ f(2)dz [‘i>\
C C1 []
2r q " (o]
_ ol
_Jo T {jre”} do <

i 27
- L[ e

N S [e—i(n—l)o] ”
(n—1)m1 0

Finish it off

0
Because
1 -1 —j(n—1)2w
A e Y

= W{cos(n —1)27 —jsin(n — 1)2r — 1}

=0 since cos(n—1)2r=1 n=2,3,4,...
sin(n —1)2r =0

So *zlndz= 0 for all positive integer values of n other than
C

n =1, where c is any closed contour.
The particular case when n = 1 we have seen in Example 1.

Now we can easily cope with this next example.
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Example 3

meInz 1,2,3,...

This is a simple extension of the previous piece of work. Here we see
that a singularity occurs at z = g and yet again we have two cases to

Consider §> f(z) dz where f(z) =

consider.
(@) z-plane
y If the contour ¢ does not enclose
A c z = g, then by Cauchy’s theorem
(z=0)
§ r@dz=o
lo) C
X
b) v
S If c encloses A (z = a) we consider
separately the cases when
1)n=1 and (2)n>1.
o
X
1) Ifn=1, Ei;cf(z) dz= iz — adz
. 1 1
Puttingz—a=w .. dz=dw .. dz=§>—dw
cZ—a W

and this we have already established has a value ............

j2m

@) Ifn>1, jgf(z)dz:i;ﬁdz:}%dw:omrn#l.

So collecting our results together, we have the following.

For i; f(z) dz, where f(z) = (z_lav' n=1,2,3,...and cis a closed
c _
contour
.(i; —1—ndz =0 n#1l
c(z—a)
=0 n =1 and c does not enclose z = a

=j2r  n=1and c does enclose z = a.

You will notice that this is a more general result and includes the
results obtained from Examples 1 and 2. Make a note of it, therefore: it is
quite important.

Then on to Example 4
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Example 4
Finally, we can go one stage further and consider the contour integral
z—j—4
(z+))(z-2)
First we express f(z) in partial fractions
z—j-4 A + B
(z+j)(z—2) z+j z-2
One quick way of finding A and B is by the ‘cover up’ method.
(a) To find A, temporarily cover up the denominator (z+j) in the

. A . . z—j—4
artial fraction —— and in the function ————— and
P z+1] Z+z-2)

substitute z +j = 0, i.e. z= —j in the remainder of the function.
—-j—2 2+j

of functions such as f(z) =

A 2 A=2

(b) To find B, cover up the denominator (z — 2) in the partial fraction

———[Zf ] and in the function (_zz+__])]—[z_T427 and substitute z—2 =0,

i.e. z = 2 in the remainder of the function.
B=............

B=-1

Because
2—j—4
B=—w=—
2+4j
_2-]
T 24
=-1

Therefore the function f(z) becomes

fo=—old =2 1

Now we can see that there are singularities at ............

CZ+)z—2) z+] z-2
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z=—j and z=2

y z-plane
M
Denote the singularities by L and M. o) ' ; >
—1eL

B e L i =

“fe()
c zZ+] z—2
So we now have four cases to consider, depending on whether L, M,

neither, or both, are enclosed within the contour c.

(a) Neither L nor M enclosed

y Then, once again, by Cauchy’s
M theorem
fo) L 4

2 * {fwaz=o

(b) L enclosed but not M

)

(c¢) M enclosed but not L

M Then, in this case

if(z)dz =2(j2r) -0 =j4r

N
>

y
/-
o

-1

Here

f f(2)dz=0— (j2r) = —j2r

y

o X

=

-1
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(d) Both L and M enclosed

y /—\ In this case
i M
(o} 2 x + f(z)dz=............
[
[+
— 1e-L
j2m

Because, when both L and M are enclosed

froe=§{2() o)
=2(27)—j2rn
=j2r

The key is provided by the results we established earlier.

&C(z_jasz = if ol

¢ =0 if n=1 and ¢ does not enclose z = a
=j2r if n=1 and c does enclose z = a.

Now for something somewhat different.
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Conformal transformation
(conformal mapping)

A mapping from the z-plane onto the w-plane is said to be conformal if
the angles between lines in the z-plane are preserved both in
magnitude and in sense of rotation when transformed onto the
corresponding lines in the w-plane.

y z-plane ¢ v w-plane

o x O u

The angle between two intersecting curves in the z-plane is defined by
the angle o (0 < a < ) between their two tangents at the point of
intersection, and this is preserved.

angles are preserved both in magnitude
and in sense of rotation

Conditions for conformal transformation

The conditions necessary in order that a transformation shall be
conformal are as follows.

1 The transformation function w = f(z) must be a regular function
of z. That is, it must be defined and single-valued, have a
continuous derivative at every point in the region and satisfy the
Cauchy-Riemann equations.

o dw

2 The derivative i must not be zero, i.e. f'(z) #0 at a point of

intersection.
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Critical points

A point at which f'(z) = 0 is called a critical point and, at such a point,
the transformation is not conformal.

So, if w = f(z) is a regular function, then, except for points at which
f'(z) = 0, the transformation function will preserve both the magni-
tude of the angle and its sense of rotation.

Now for a short exercise by way of practice.

Exercise

Determine critical points (if any) which occur in the following
transformations w = f(z).

1 f@=@e-1°  § f(z)=(2z+3)
2 fz)=¢€ 6 f(z)=22+6z+9
_1 _Z7)
3 f2)= 7 @)=
1 ]
4 f(z)=z+z 8 f(2)=(z+3)z-})).
Finish the whole set before checking with the results in the next
frame.
1 z=1 5 z=-3
2 none 6 z=1jV2
3 none 7 none
4 z=+1 8 z=1(j-3)

All that is required is to differentiate each function and to find for
which values of z, f'(z) = 0.

Now one or two simple examples on conformal mapping.

Example 1

Linear transformation w =az + b, a # 0, a and b complex.

(1) Cauchy-Riemann conditions satisfied.

(2) f'(z) =a ie.notzero .. no critical points.

Therefore, the transformation w = az + b provides conformal mapping

throughout the entire z-plane.
Example 2

Non-linear transformation w = z2.
First check for singularities and critical points. These, if any, occur at




Complex analysis 2 891

no singularities; critical point at z=0

Because
fl(zy=2z .. f(zy=0atz=0.

Therefore, the transformation is not conformal at the origin.
If we choose to express z in exponential form z = x +jy = re/?, then
w = z? =r2e/? i.e. r is squared and the angle doubled.

y v A

20

So ABCD, a section of an annulus of inner and
outer radii r, and ry respectively, will be
mapped onto

\4
o B'
D' 20, XA
2(9‘1
o R 2 ou

The angles at the origin are doubled, but notice that the right angles at
A, B, C, D are preserved at A',B’,C',D/, i.e. the transformation there is
conformal.

Example 3

Consider the mapping of the circle |z| = 1 under the transformation
w=z +§ onto the w-plane.

First, as always, check for singularities and critical points. We find
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singularity at z=0; critical points at z=+2

A singularity occurs at z =0, i.e. f'(z) does not exist at z=0. Also

f(2)= z+§ Sl =1 —% S @) =0atz=42.

Therefore the transformation is not conformal at z=0and at z = + 2.
In fact, if we carry out the transformation w = z+§ on the unit

circle |zl =1, weget ............

Complete it: it is good revision

w2
the ellipse §+?= 1
Because
) 4
w=u+]v=z+z
:X+W+X+W
. 4Ax—7
="+W+7§z—+£—§)
U=x+———,; v=y— 4y
TXT =y X2 y2

lzZl=1 . 2®+y*=1 . u=x(1+4)=5x% v=y(1-4)=-3y

and y = _Y

. x_u
T 3

5
Then x> +y2=1 gives —u—z+v—2=1
52 32

The image of the unit circle is therefore an ellipse with centre at the
origin; semi major axis 5; semi minor axis 3.

Now let us move on to a new section
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Schwarz-Christoffel transformation
Example 1

Consider a semi-infinite strip on BC as base, y
the arrows at A and D indicating that the
ordinate boundaries extend to infinity in

. s A
the positive y-direction and that progres- b
sion round the boundary is to be taken in
the direction indicated.
B c
o a X

Let us apply the transformation w = — cos%z to the shaded region.

, z
Thenw=u+jv= —cos%
— _cos T+ ]Y)
a
= —{coslxcosm—sinlxsin]ﬂ}
a a a a
Now cosjé = coshé and sinjé = jsinhé.
T W=u+jv
= —cosﬂ—xcoshﬂ+jsin7r—xsinhﬂ
a a a a
LU= —cosﬂ—xcoshﬂ; V= sinﬂ—xsinhw—y
a a a a

So B and C map onto B’ and C’ where

B:u=-1,v=0, C:u=1,v=0

Because

(1) atB, x=0,
and (2) atC,x=aq,

y=0 . u=-1)(1)=-1 v=(0)(0)=0
y=0 . u=—(-1)(1)=1 v=(0)(0)=0

So we have v

-
_\).Q



894

Programme 21

Now we map AB, BC, CD onto the w-plane giving A'B’,B'C',C'D'.
@ AB: x=0 . AB: u=-—cosh’Z; v=0
.. As y decreases from oo to 0, u increases from —oo to —1.

v

A B’ (o

i - 1

T -1 o 1 u

) BC: y=0 .. BC: u=—cos%x; v=0

.. As x increases from 0 to a, u increases from —1 to 1.

(c) CD: In the same way you can map CD and C'DY in the w-plane
and the mapping then becomes ............

Because
CD:x=a ..CD:u= cosh%; v=0.

Therefore, as y increases from 0 to oo, u increases from 1 to cc.
Notice the direction of the arrows. These correspond to the directed
travel round the boundary shown in the z-plane.

]

B

[o) a X

The shaded region in the z-plane is on the left-hand side of the
boundary as traversed. This maps onto the left-hand side of the image
on the w-plane, i.e. the entire upper half of the plane.

dw =« . =wz | _ oy dw

Notethataz—-— 5 sin— atB (z=0) and C (z—a),a—o.

Therefore, the conformal property does not hold at these points. The

internal angle at B and at C is g, while at B’ and C' itis 7 .
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Example 2
Consider an infinite strip in the z-plane bounded by the real axis and
z=ja
Y

c ole A Note the arrows. The boundary
7‘ 7 - comes from +oo (A) and continues
/ / // s to —oo (C); then returns from —oo

L 2= £L (D)t +oo (B).

The strip can be considered as a closed figure with the left- and right-
hand vertices at infinity.

We now map the infinite strip onto the w-plane by the transforma-
tion w = "%/,

. W=u+jv=e"? from which

U=............ P V=
u=e*cos™, y=e/agin™
a’ a
Because
u+jv=e?*
— erxHy)/a
- rx/aeiny/a
= ’f"/"(cosﬂ+jsin7r—y)
a a
u=ercos™: oy easiny
a a
Now we map points B and E onto B’ and E'.
1) B:x=0, y=a .. B: u=-1, v=0
@2)E:x=0, y=0 .. E: u=1, v=0
ie.
v
B £
| 1
-1 o 1 u
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Now we map the lines AB, BC, DE, EF onto the w-plane.
(@ AB: y=a .. u=—e™/% v=0
*. As x decreases from +oo to 0, u increases from —oo to —1.

(b)BC: y=a .. u=—e™* v=0 (as for AB)
.. As x decreases from 0 to —oo, u increases from —1 to 0.

v

>
[
Q
- tm

A’ B’ c'|D’ E’
o— |
-1 O 1 u

Because

(© DE: y=0 .. u=e™% v=0

.. As x increases from —co to 0, u increases from O to 1.
(d EF: y=0 .. u=¢e™% vy=0 (s for DE)

.. As x increases from 0 to +o0, u increases from 1 to +oo.

Notice that C and D map to the same point, namely u =v =0.

Finally, what about the shaded region in the z-plane? This maps onto
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the upper half of the w-plane

because it is on the left-hand side of the directed boundary in the

z-plane.

The previous two examples have been simple cases of the application
of the Schwarz—Christoffel transformation under which any polygon
in the z-plane can be made to map onto the entire upper half of the
w-plane and the boundary of the polygon onto the real axis of the

w-plane.
y A w=£(2) v
£ @/7// ////
B c .
D R5 ¢ 9%
(0] X th u, (o] u3 g u

The process depends, of course, on the right choice of transformation
function for any particular polygon, which can be defined by its
vertices and the internal angle at each vertex.

= NE ¢ D/
o X U u o U3 Us U

The Schwarz-Christoffel transformation function is given by
((;Ti =AW — u)™ Hw — up)* ™ w —uz)

L z=A J(w —up) V™ Y w —up)® ™ (W — up)*/™ dw + B

where A and B are complex constants, determined by the physical
properties of the polygon.

This is not as bad as it looks!

Make a careful note of it: then we will apply it
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Here it is again.

dZ oy /— Qg [T— az/m—
E:A(W—ul) VL )02/ (w — ) /™

L z=A j W —u)/™ N w —up)2/™ 1 (w—u,)*/"'dw + B

where A and B are complex constants.
Three other points also have to be noted.

1 Any three points u;, uz, u3 on the y-axis can be selected as
required.

2 Itis convenient to choose one such point, uy, at infinity, in which
case the relevant factor in the integral above does not occur.

3 Infinite open polygons are regarded as limiting cases of closed
polygons where one (or more) vertex is taken to infinity.

Open polygons

y 4 We have already introduced these in Examples
1 and 2 of this section.

In Example 1, the semi-infinite strip is a case of
a triangle with one vertex that is

taken to infinity in the y-direction

In Example 2, the infinite strip is
a case of a double triangle, or
quadrilateral, with two vertices
taken to infinity.

X
An open polygon with n sides with one vertex at infinity will have
(n — 1) internal angles.

An open polygon with # sides with two vertices at infinity will have
(n — 2) internal angles.

Now for an example to see how all this works.
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Example 3

To determine the transformation that will map the semi-infinite strip
ABCD onto the w-plane so that the images of B and C occur at u = -1
and u = 1, respectively, and the shaded region maps onto the upper

In this case, B'is#; = —1 and C’ is up = 1.
The corresponding internal angles are:

at B (z =ja), alzg and at C (z=0), az:g_

So we have

% = A(w + 1){"2/m Yy — 1)/l ywhere A is a complex

constant

=Aw+1)"V2w-1)"V2
=AWw? —1)"Y2
=K(1—w?) %= _K

1-—w2

S S S
1—w2
z=Karcsinw+ B
z—B z—B

..oarcsinw = . w=sin

K
Now we have to find B and K.
(a) We require B (z = ja) to map onto B’ (w = —1)

C o 1_ania—B
. 1 =sin X
ja—1_3__7_r N S
) J. 2ja—2B=—Kn 1)
(b) We also require C (z = 0) tomaponto C’' (w=1) .. 1=sinOI_<
B . —
—E=§ . —2B=Knm (2)

Then, from (1) and (2), B=............ K=o, ;
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g_la. x__Ia
B 5 K= -
wosin{ZZ02) _ g4 jzZ 4+ T — cosT
—ja/m a 2 a
But cosjd = coshf .. w=cosh %Z

To verify that this is the required transformation, let us apply it to the
figure given in the z-plane.
We will do that in the next frame

We have

w=u+jv= coshlz: coshwr

. u+;v=cosh cosh’y +s1nh s1nh]y7r

But cosh j§ = cosh 6 and sinhj# =}sm0

V

LUty = cosh——cos

+j smh E
a

T
LU= cosh—cosy—; V= smh—smy—
a a a a

y First map the points B and C onto B’ and C’
in the w-plane.

A
7/
3 // B: ... ; Crll,
Z
ciz -

B: u=-1,v=0; C:u=1v=0

Because
B: x=0,y=a .. B:iu=cost=-1,v=0 . B:u=-1,v=0
Cx=0,y=0 . Ciu=1,v=0 SoCiu=1,v=0.

&

CI
e
-1 o 1

Now we map AB, BC, CD in turn.
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(@ AB: y=a .'.u=—coshx77r, v=0

.. As x decreases from oo to 0, u increases from —oco to —1.

Al B c'
- . Il
-1 o 1 U

(b) BC:
(c) CD:
whichis ............

%7

Because we have

}Complete the working and show the mapped region

(b) BC:x=0 .. u:cosyT:, v=0
.. As y decreases from a to 0, u increases from —1 to 1.
CD: y=0 .. u=cosh§az, v=0
.. As x increases from 0O to oo, u increases from 1 to oo.

In each plane, the shaded region is on the left-hand side of the
boundary.

We will now finish with one further example.
So move on

Example 4

o) 1 X 0 1 u

Determine the transformation function w =f(z) that maps the
infinite sector in the z-plane onto the upper half of the w-plane with
points B and C mapping onto B’ and C’ as shown.

The transformation function w = f(z) is given by
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d'z Q1 fT— Qg [fT— Qp[7T—
3, =AW —u) Ly — )22/ (w— )/

Q=
At B, g =g. AtC, oz = _@2_1‘

With that reminder, you can now work through on your own, just as
we did before, finally obtaining

W=,
w=2z3
Check with the working.
dz _  n@/3) =1y, qywja—1
o= Aw-0) w—1)
=Aw 2w —-1)°
— Aw23
. z=3Aw'A+B
=Kw'? +B
N Z—B 3
ST K
To find B and K
B\’ z\3
. ‘w0 - 0 ("B B0 - we(Z
(@) AtB: z=0 AtB: w=0 .. 0_<K> o B=0 . w (K)
3
(b) AtC: z=1 AtC: w=1 .-.1=(% K=1 . w=2

*. the transformation function is w = 23

Finally, as a check — and a little more valuable practice — apply the
function w = 23 to the region shaded in the z-plane.

w=u+jv=(x+ jy)3 =x3+ 3x2(jy) + 3x(iy)2 + (iy)3
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u=x3-3xy% v=3x%—y3

AtB: x=0, y=0 .. u=0,v=0 .. B: u=0,v=0
AtC: x=1,y=0 .. u=1,v=0 . C:u=1v=0

\4

B¢

(0] 1

Now we map AB, BC, CD onto A'B', B'C/, C'D'.

AB: y=v3x . u=x-98=-88 v=0
.. As x decreases from oo to 0, u increases from — oo to O.

You can now deal with BC and CD in the same way and finally show
the transformed region.

Soweget ............

Here is the remaining working.
BC: y=0 .. u=x3 v=0

.. As x increases from O to 1, u increases from O to 1.
CD: y=0 .. u=x3 v=0

*. As x increases from 1 to oo, u increases from 1 to oc.

The shaded region is to the left of the directed boundary in the z-
plane. This therefore maps onto the region to the left of the directed
real axis in the w-plane, i.e. the upper half of the plane.

We have just touched on the fringe of the work on Schwarz—
Christoffel transformation. The whole topic of mapping between
planes has applications in fluid mechanics, heat conduction, electro-
magnetic theory, etc. and it is at times convenient to solve a problem
relating to the z-plane by transforming to the upper half of the w-
plane and later to transform back to the z-plane. The transformation
function can be operated in either direction.

So we have

And that is it. The Revision summary follows and the Can You?
checklist. Then on to the Test exercise and the Further problems
for additional practice.
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% Revision summary 21

1 Differentiation of a complex function

_ aw _ oy _ i Jf(20+62) — f(20)
w=r) g-re-Lm{{0)
2 Regular (or analytic) function
w = f(2) is regular at 7, if it is defined, single-valued and has a

derivative at every point at and around z = z.

3 Singularities or singular points — points at which f(z) ceases to be
regular.

4 Cauchy-Riemann equations test whether w = f(z) has a derivative
fl(z) atz=2o. w=u+jv=f(z) where z=x+jy.

ou ov v ou
Then -a—x——a—y and a——a—y
5 If a function of two real variables f(x, y) satisfies Laplace’s
equation
), ) _

then f(x, y) is an harmonic function. The real and imaginary parts
of an analytic function are both harmonic and form a conjugate
pair of functions.

6 Complex integration
dez - J f(2)dz = J(udx —ydy) +] J (velx + udy)
7 Contour integration — evaluation of line integrals in the z-plane.
8 Cauchy’s theorem 1If f(z) is regular at every point within and on
closed curve c, then Ei; f(zydz=0.

9 Deformation of contours

‘ .
@ (b) ©

(@) Singularity at A
(b) Restored to a closed curve

© § F@)dz= § Fz)dz.

For%f(z)dzwheref(z): n=123,...

1
z—ay
1
%de=o ifn#1
N =0 if =1 and c does not enclose z = a
=j2r if n=1 and c does enclose z = a.
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10 Conformal transformation — mapping in which angles are preserved
in size and sense of rotation.

Conditions

1 w = f(z) must be a regular function of z.

2 f'(2), i.e. %V, # 0 at the point of intersection.

If f'(z) = 0 at z = zp, then zy is a critical point.

11 Schwarz—Christoffel transformation maps any polygon in the
z-plane onto the entire upper half of the w-plane and the boundary
of the polygon onto the real axis of the w-plane.

dZ 1 /7— — ap/m—

E=A(w— up)™/ M w — )™ (W — )Y

1 Any three points u;, uz, uz can be selected on the u-axis.

2 One such point can be chosen at infinity.

3 Infinite open polygons are regarded as limiting cases of closed
polygons.

¥4 Can You?

Checklist 21

Check this list before and after you try the end of Programme test.

On a scale of 1 to 5§ how confident are you that Frames
you can:

e Appreciate when the derivative of a function of a
complex variable exists?

Yes ] ] ] O ] No

e Understand the notions of regular functions and
singularities and be able to obtain the derivative of a
regular function from first principles?

Yes ] L] L] O O No

e Derive the Cauchy-Riemann equations and apply them
to find the derivative of a regular function?

Yes O O O O O No

e Understand the notion of an harmonic function and
derive a conjugate function?
Yes [J 0O 0O 0O 0O No

e Evaluate line and contour integrals in the complex
plane?

Yes UJ L] L] ] U No
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e Derive and apply Cauchy’s theorem?
Yes [ O [0 0O [0 No

e Apply Cauchy’s theorem to contours around regions
that contain singularities?
Yese [J O 0O 0O [0 No

e Define the essential characteristics of and conditions
for a conformal mapping?
Yes [ O 0O 0O [0 No

e Locate critical points of a function of a complex
variable?

Yes o 0o 0O O [0 No

e Determine the image in the w-plane of a figure in the
z-plane under a conformal transformation w = f(z)?

Yes ] ] ] U 0 No

e Describe and apply the Schwarz-Christoffel
transformation?

Yes | ] ] ] ] No

Text exercise 21

1 Determine where each of the following functions fails to be regular.

z—2
(a) W=Z3+4 (d)W:(—z_—4)(—Z—_|_—15
__z _X—Jy
®w=713 (e)w_x2+y2'
(c) w=e?tt

2 Demonstrate that each of the following is harmonic and obtain the
conjugate function.

(@) u(x, y) =sinhxcosy
(b) u(x, y) = 4y(1 + 3x).
3 Verify Cauchy’s theorem by evaluating 4; f(z) dz where f(z) = z? round
the rectangle formed by joining the poirclts z=2+j,z=2+ji, z=j4,
z=j.
3z—6—j

(z-(z-3)
contour |z| = 2. >

4 Evaluate the integral % f(z)dz where f(z) = round the
C
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5 Determine critical points, if any, at which the following transformation
functions w = f(z) fail to be conformal.

(@ w=2z4 (d)w=z+%
(b) w=2°—-3z (e) w=e)
= 1-z = ——Z +i

© w=e ®w= "7

6 Determine the Schwarz-Christoffel trans- y
formation function w = f(z) that will map B
the semi-infinite strip shaded in the
z-plane onto the upper half of the w-plane, 2pC
so that the image of B is B’ (w = —1) and D
that of C is C' (w = 0). Obtain the image of o
the point D.

H
V\>

Further problems 21

1 Verify Cauchy’s theorem for the closed path c consisting of three
straight lines joining A (1+j), B (3+j3), C (-1+j3) where
flz)y=z—-1+j.

2 If z=2+jy is mapped onto the w-plane under the transformation

w=f(z) = %, show that the locus of w is a circle with centre w = 0-25
and radius 0-25.

3 Determine the image in the w-plane of the circle |z — 2| =1 in the z-
plane under the transformation w = (1 —j)z + 3.

4 The unit circle |z| =1 in the z-plane is generated in an anticlockwise
manner from the point A (z = 1) and is transformed onto the w-plane

z
by w = P Determine the locus of w and the direction in which it is

generated.
5 Find the conjugate function of each of the following.
@ u(x,y)=x2-2x—-y?
®) ulx, y)=x-3x2 —x2+y* +x
© u@xy)=2y(x-1)
(@ u(x, y) = e’ cos2xy.
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6

10

11

12

13

14

Evaluate jl; f(z) dz where f(z) = M around the closed contour
c (z-jz-1)
c for the two cases when
(@) cisthepath|z|=2
(b) cis the path |z—1|=1.
Iff(z) = ) evaluate § f(z)dz along the contours
(z-j(z+j2) c

@ k-1=1 O k=3 ©I=3

w+2)

If z=x+jy and w = f(z), show that, if I is entirely real, then

Wl = |zl

3z-j5
Evaluate ff f@)dz, where f(2) = o=
perimeter of the rectangle formed by the lines z=1, z=j3, z= -2,

zZ=—].

around the

822 -2
@)= D1y
is the triangle joining the points z=2, z=j, z= -1 —j.

evaluate § f(z) dz along the contour c where ¢
C

1
(a) For the transformation w = z + 7 state (1) singularities, (2) critical

points.

(b) Applyw=z +% to map the circle |z| = 2 onto the w-plane.

Find the images in the w-plane of (a) the line y = 0 and (b) the line y = x
that result from the mapping w = ;_-_k; Show that the curves intersect
at the points (+1, 0) in the w-plane and determine the angle at which
they intersect.
. j(1+2) o . .

Use the transformation w = I to map the unit circle |z| = 1 in the
z-plane onto the w-plane. Determine also the image in the w-plane of
the region bounded by |z| = 1 and inside the circle.

Determine the transformation that y
will map the semi-infinite strip
shown, onto the upper half of the
w-plane, where the image of B is B’
(w=-1) and that of Cis C' (w =1). B c




